Various possibilities of extending Maxwell's equations are discussed and their consequences are investigated. These include Proca, van Vlaenderen-Waser and unified quantum equations.
Introduction
Maxwell had unified the electromagnetic phenomenon in a set of four consistent equations.
1 Planck proposed the idea of quantization of energy. Based on this proposal, Einstein explained the photon electric effect. Later on, Compton explained the X-rays scattering by electrons relying on the particle nature of the light (photon). Maxwell also showed that light is an example of an electromagnetic field. De Broglie hypothesized that matter (particle) exhibits wave nature.
2 This is consistent with the Einstein mass-energy equivalence. Schrödinger, Dirac, Klein-Gordon formulated the laws governing these matter wave in what is known as quantum mechanics.
1 A unification of quantum mechanics and Maxwell theory is culminated in what is known as quantum electrodynamics.
2 This theory had shown that the electromagnetic field is quantized in terms of photons mediating all electromagnetic interactions. The motion of the charge in the electromagnetic field is governed by the Lorentz force.
In quantum electrodynamics the photon is deemed to be massless. This entitles that the electromagnetic interactions are infinite in range. However, in superconductivity the electromagnetic interactions are thought to be of short range. 3 This A. I. Arbab requires a special arrangement with Maxwell theory. Superelectrons with special properties are believed to be responsible for the superconductivity. This may seem to indicate that photons are massive in such conditions. Massive electrodynamics was developed by Proca in 1936. 4 Other variants generalizing Maxwell theory to include massive photons are however not ubiquitous. Massive photons will have serious physical consequences. 5, 6 If the electric charge is quantized, Dirac hypothesized that a magnetic charge must be present. 7 Despite the fascinating success of Maxwell's theory, it remains to be incomplete. Owing to the symmetry existing between electricity and magnetism, a symmetric theory of electromagnetism must be imminent. Such a theory may be connected with massive nature of photons.
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It may also require a use of new mathematical formulation relying on some extended algebra having an inheriting unification. Of these possibilities is the use of quaternions that were invented by Hamilton, that Maxwell had once employed in formulating his equations. Quaternions are generalization of complex numbers defined in two dimensions, to include a four-dimensional space where relativistic phenomena are deemed to occur. 9, 10 As synchronization problem usually occurs in electrodynamics, we refer the reader to some interesting recent work that dealt with this issue.
11-13
We are motivated in this work by the idea that an extended electrodynamics should account for all electrodynamic phenomena which may require the photon to acquire mass. Of these phenomena, we consider superconductivity and the Hall effect (classical and quantum). In this work, we explore the possibilities of extending Maxwell's equations and study their physical consequences. While massless photons lead to transverse electromagnetic waves, massive photons may lead to emission of longitudinal waves. Of particular interest is the famous Tesla wave that he claimed to observe long time ago.
14,15 Some contemporary formulations provide physical justification for such phenomena. Some of these formulations relied on relaxing some of stringent conditions imposed on some equations pertaining to electrodynamics. Others rely on treating massive photons as real objects with their kinematical properties, and blending the equations governing their mass (quantum mechanics) with those governing their charge (electrodynamics).
Unified Quantum Mechanics
A recent formulation of quantum mechanics showed that matter waves can be governed by a system of equations expressed as and
Differentiate Eq. (13) partially with respect to time, take the gradient of Eq. (14), and add the resulting equations to obtain
Using Eq. (8), the curl of Eq. (13) yields
Equations (15) and (16) 
where
Moreover, one notices that
It is evident that ζ = 0 satisfies the Klein-Gordon equation (spin-0 particle). Not only ζ but J, ρ, E, B as well. Notice that ζ is a scalar having a dimension of magnetic field. It is assumed in the standard superconductivity theory (BCS) that the electromagnetic effects are carried by a total zero spin Cooper-pairs. 3 Furthermore, static fields lead to Meissner effect. 18 It is apparent that inside superconducting medium the Lorenz gauge condition is no longer applicable. It is interesting to see that Eqs. (15), (16) and (19) can be obtained from our generalized continuity equations by defining ρ → ρ + ε 0 µ 2 ϕ and J → J + µ 2 µ0 A. 19 We attribute here the term
A to the current density of the massive photon and ε 0 µ 2 ϕ to its charge density. If ζ = 0, then the local charge is conserved, and the Lorenz gauge condition is satisfied, as is apparent from Eqs. (18) and (19) .
It is interesting to derive the energy conservation equation from Eq. (15) using Eq. (19) as
where S and u are the flux and energy densities, respectively. It is evident that ζ is coupled to charge density of the medium in which it exists. When E = 0 and J is time-independent (stationary) and ρ is space-independent (uniform), Eq. (20) reduces to the continuity equation, Eq. (19), taking ζ = 0. We attribute here J and ρ to the current and charge densities of the massive photons. Moreover, as evident from Eqs. (17)- (19), ζ satisfies a wave equation with zero mass. However, for a particular coupling of ζ, viz., ζ = 1 c 2 ρ J · E, no dissipation occurs.
Maxwell Unified Quantum Equations
Case 1. Let us assume now the electric and magnetic fields, described by Eqs. (6) and (7), inside a medium follow Eqs. (4) and (5), then
and
Adding the partial derivative of Eq. (21) with respect to time, and the divergence of Eq. (22) yield
A. I. Arbab where
and once again
It is interesting to see that for such a situation, the charge is dissipated at a rate proportional to the photon mass. It is shown that the term σ = 2m µ0 is the photon conductivity inside the medium. 20 It is worth to mention that ζ obeys the KleinGordon equation, as evident from Eq. (23) . Hence, the photons are thus massive inside the medium as dictated jointly by Maxwell's equations and the unified quantum equations. We thus have massive photons with zero spin inside a medium, and massless ones in vacuum with spin equals to 1. When m = 0, we retrieve Maxwell's equations. Note that when ζ is time-independent, charge conservation is satisfied, as evident from Eq. (24) . Moreover, as Eq. (23) shows, ζ exhibits a decaying spatial solution.
With some scrutiny, differentiating Eq. (25) partially with respect to time and substituting in Eq. (24), yield a charge conservation equation
This implies that the new current and charge densities are the conserved one. These extra terms can be attributed to the interaction of the massive photons with the medium in which they travel. These yield the modified Maxwell's equations,
Therefore, if photons are massive then Eqs. (27) and (28) are the appropriate equations describing their quantum as well as electromagnetic dynamics. We recover the massless photon classical electrodynamics by setting m = 0 or → ∞.
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Thus, unlike Maxwell's equations which are classical, the extended Maxwell's equations, Eqs. (27) and (28), are now of a quantum character. It is thus apparent that Maxwell's theory in vacuum is a classical theory but becomes quantum when applied in a medium. The electromagnetic properties in a medium will be governed by Eqs. (27) and (28) . Now taking the partial derivative with respect to time of Eq. (22) and the divergence of Eq. (21), and adding the two resulting equations to obtain
The curl of Eq. (22) yields
Equations (A) and (B) generalize the London's equations, Eqs. (15) and (16), to include varying electric and magnetic fields. The second term on the right-hand side can be seen as a magnetic displacement current due to massive photons, i.e.
µ0 B, and the first term J c = µ µ0 B as a magnetic conduction current. Case 2. Let us assume that A and ϕ are the wave functions of the photon, they must then satisfy Eqs. (4) and (5) besides Eqs. (6) and (7). This entitles the photon to have mass. Consequently, one has
and 1 c 2
so that ∂A ∂t
Equations (31) and (32) imply that
Using Eqs. (8) and (32), one finds that
Differentiating Eq. (34) partially with respect to time, and using Eq. (33) show that the magnetic field inside the medium is stationary (static). Equations (31) and (34) indicate that the electric field vanishes inside the medium while the magnetic field is allowed to exist. This agrees with the situation inside a superconductor. Equations (33) and (34) can be compared with Eqs. (15) and (16) . Equations (31) and (32) yield
If we combine Eqs. (31)-(33), we can define a charge conservation equation (16) and (19) with Eqs. (33)-(35) . They coincide for vacuum solution. Equation (32) is interesting since it allows a neutral particle (e.g. neutron) to have electromagnetic dynamics when placed in an electromagnetic field.
We remark here that the two above cases can be seen as describing a quantum electrodynamics of massive photons. Moreover, as is evident from Eq. (32) the photon has a mass as well as an electric charge; and current is developed whenever the photon moves. Bear in mind that in the theory of quantum electrodynamics, the photon is considered to be neutral and massless. In vacuum, ρ = 0, m = 0, we recover Maxwell's equations describing an electromagnetic wave traveling with speed of light.
Taking the dot product of Eq. (33) with J and using Eq. (35) yield
Equation (36) expresses the energy conservation inside a medium. We can interpret the term 
where the system appeared to be empty. This can be achieved if the following equation (the massive Lorenz gauge condition) is satisfied
which upon using Eqs. (6) and (7) yields the two equations
The above equation can be expressed as
This equation satisfies the generalized continuity equations, 19 i.e.
The current J is evidently a diffusion current, where n can be seen as a concentration. The above equation can be written as
Interestingly, the vector potential drops out of the above equation. The temporal and spatial variations of the scalar potential yield some effective current and charge densities inside the medium. This unlike the current due to London's formulation where the current is defined in terms of the vector potential, A. We call the above current the massive current which is due to massive photon. It is the current that arises when the vector potential is stationary. It is then associated with a static magnetic field. It vanishes when the photon mass is zero. It is thus a current that is associated with the massive Lorenz gauge condition mentioned above. A plane wave solution of the form ϕ = ϕ 0 e i(k·r−ωt) yields the following current and charge densities
which are out of phase by an angle of π/2 relative to ϕ. Note that
Proca Equations
Massive photon electrodynamics is described by Proca equations generalizing Maxwell's equations to include massive photons. 4 These equations are expressed as
Proca equations share the beauty of the Maxwell's equations except the fact that they are not gauge invariant. The lack of this property impedes them to be of vital applications. Now differentiating Eq. (37) with time and using Eq. (38) yield
Similarly, differentiating Eq. (38) with respect to time and using Eq. (37) yield
The divergence of the second equation in Eq. (37) using the first one gives
Hence, if E and B are to satisfy the Klein-Gordon equation, then the right-hand sides of Eqs. (39)-(41) have to vanish, viz.
where the Lorenz gauge condition is kept intact. These represent a special case of Eqs. (31), (33) and (34) with m = 0 and so µ = 0. It can also be compared with Eqs. (15)- (17) . Equation (42) is but our system of generalized continuity equations. 19 
van Vlaenderen-Waser and Unified Quantum Equations
In an attempt to generalize Maxwell's equations to admit a scalar field and longitudinal waves, van Vlaenderen-Waser allowed the Lorenz gauge condition not to be satisfied. 10, 22 They accordingly obtain the following equations
In van Vlaenderen-Waser theory ζ A is a general scalar function. In our present formulation ζ A is related to the mass of the massive photons that is responsible for the generation of longitudinal wave. In particular, we have ζ A = − 2m ϕ, see Eq. (31). It is thus associated with the scalar field potential, ϕ. Thus, we provide here a full account for the physical meaning of the scalar function appearing in van Vlaenderen-Waser theory. In all theories discussed above, the scalar functions carry energy and momentum, and hence they represent physical entities. 9, 23 It is remarkable that we recover Maxwell's equations whenever m = 0 or the Lorenz gauge condition is satisfied.
The energy conservation for an electromagnetic system incorporating a scalar ζ, Eqs. (43) and (44), can be expressed as
It is remarkable that the longitudinal wave described by ζ carries energy and momentum, as evident from Eq. (45). Here S 0 and u 0 are the energy flux and energy density associated with the longitudinal wave. It could be seen as the mechanical energy of the massive photon. The last term in Eq. (45) can be seen to represent a magnetic contribution to the dissipated energy that is a product between magnetic current density and the magnetic scalar ζ. In this case the value of the magnetic current density is c 2 ρ. The energy flux (momentum) is transmitted opposite to the electric field direction. Hence, one can call such a wave electroscalar wave. It is apparent from Eq. (46) that ζ is a magnetic scalar. If the right-hand side of Eq. (45) vanishes, then the wave will propagate without dissipation, i.e. when ζ = − E·J c 2 ρ . Moreover, when ζ = 0, we recover the ordinary energy conservation associated with the transverse wave. It is interesting to consider a wave with vanishing magnetic field, B = 0, then we still have an energy transmitted along the electric field direction.
a Hence, the energy equation reduces to
Therefore, Eq. (47) represents an electro-scalar wave with a vanishing magnetic field. Such a wave is observed experimentally by Miyaji et al. as being generated from transverse electromagnetic waves.
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In a free medium, J = 0 and ρ = 0, the electro-scalar wave propagated without dissipation. It seems that Eq. (45) is a statement of conservation of field and particle energies where the longitudinal wave represents the energy accompanying matter propagation. Hence, the electromagnetic field carries energy and matter concomitantly. Equation (45) shows that the transverse and longitudinal waves are coupled together. The longitudinal wave can be regarded as the mechanical energy contribution of the electromagnetic field. It is associated with intense electric field, as evident from Eq. (47).
Proca-van Vlaenderen-Waser unified quantum equations
If we now assume that Eqs. (37) and (43) are different expressions of the same equation, we find
Differentiating the first equation with respect to time, taking the divergence of the second equation, and then adding the two resulting equations using Eq. (25), we obtain 1 c 2
Hence, if ζ satisfies the Klein-Gordon equation, then the van Vlaenderen-Waser and Proca equations are equivalent. Taking the curl of the second equation in Eq. (48), differentiating the second equation partially with respect to time, and taking the divergence of the first one, and adding the two resulting equations show that the electric and magnetic fields vanish. Similarly if Eqs. (27) and (43) express the same equation
which yields
a This depends on whether ζ > 0 or ζ < 0. Owing to the charge symmetry the two possibilities are plausible. 
The flow of matter wave energy is opposite to the direction of the field ψ. The velocity of the flow is given by v = S u , where S and u are, respectively, the flux and the energy densities of the matter wave associated with the moving particle. It is interesting that the electro-scalar energy conservation has the same pattern as the matter (particle), and hence we can attribute its energy to the matter energy associated with the propagation of massive photons. The flow of energy in opposite direction may be connected with Abraham-Lorentz force arising from a radiating charged particle. [25] [26] [27] [28] In quantum electrodynamics no care is taken for matter energy radiated away.
Complex Maxwell's equations and van Vlaenderen-Waser equations
We have recently formulated Maxwell's equations in complex form. 10 If we express the scalar function defined in Ref. 10 , viz., ζ = −Λ, we will obtain a system of equations as given by Eqs. (43) and (44). It is interesting that the van Vlaenderen-Waser equations can be derived from our complex formulation of Maxwell's equations. A symmetrized set of van Vlaenderen-Waser equations can be obtained by allowing ζ to be complex.
Besides the field equations we have generalized, it is now time to extend the ordinary Lorentz force to include additional contribution coming from the scalar field ζ. To this aim we express the Lorentz force in the quaternionic form that yields the correct ordinary Lorentz force when expanded. It is defined as follows
where v is the velocity of the charge, q. Upon using the quaternionic multiplication, 9 one finds the quaternionic forcẽ
